CARD SHUFFLING AND THE DECOMPOSITION OF 
TENSOR PRODUCTS 
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Abstract. Let H he a, subgroup of a finite group G. We use Markov 
chains to quantify how large r should be so that the decomposition of 
the r tensor power of the representation of G on cosets on H behaves 
(after renormahzation) like the regular representation of G. For the 
case where G is a symmetric group and H a parabolic subgroup, we find 
that this question is precisely equivalent to the question of how large 
r should be so that r iterations of a shuffling method randomize the 
Robinson-Schensted-Knuth shape of a permutation. This equivalence 
is rather remarkable, if only because the representation theory problem 
is related to a reversible Markov chain on the set of representations of 
the symmetric group, whereas the card shuffling problem is related to a 
nonreversible Markov chain on the symmetric group. The equivalence 
is also useful, and results on card shuffling can be applied to yield sharp 
results about the decomposition of tensor powers. 



1. Introduction 

Let X be a faithful character of a finite group G. A well known theorem 
of Burnside and Brauer states that if xio) takes on exactly m distinct 
values for g £ G, then every irreducible character of G is a constituent of 
one of the characters X"* ^oi < j < m. It is very natural to investigate 
the decomposition of X"*) and the results in this paper are a step in that 
direction. 

Let Irr{G) denote the set of irreducible representations of a finite group 
G. The Plancherel measure on Irr{G) is a probability measure which assigns 

mass '^^^Q^ to p. The symbol denotes the character associated to the 
representation p. The notation Ind, Res stands for induction and restriction 
of class functions. We remind the reader that the character of the r-fold 
tensor product of a representation of G is given by raising the character 
to the rth power. The inner product < /i,/2 > denotes the usual inner 
product on class functions of G defined by 
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Thus if fi is an irreducible character and /2 any character, their inner prod- 
uct gives the multiphcity of /i in /2. We let g'^ denote the conjugacy class 
of g in G. 

In Section [21 of this paper, we prove the following result. 

Theorem 1.1. Let H be a subgroup of a finite group G. Let vr denote the 
Plancherel measure of G. Suppose that \G\ > 1. Let 

\gG Pi ^\ \H\ 
P = maxg^i — — = —maXg^iLndH{l)[g\. 



Then 

S K|o| 



|(P)'<imi.(p) < x'.l/ndgll))' > -,r(p)| < |G|"V 



pe/rr(G) 

Note that if /3 < 1, the right hand side approaches as r ^ oo. The 
quantity f3 has been carefully studied in the (most interesting) case that G 
is simple and a maximal subgroup; references and an example where 
is not maximal are given in Section [5J 

The idea behind the proof of Theorem 11.11 is to investigate a natural 
Markov chain J on the set of irreducible representations of G. This chain is 
essentially a probabilistic reformulation of Frobenius reciprocity. This chain 
can be explicitly diagonalized and then Theorem 11.11 follows from spectral 
theory of reversible Markov chains. In fact Theorem ll.il is a generalization 
of a result in our earlier paper |Flj . where this Markov chain arose for the 
symmetric group case H = Sn-i and G = Sn and was combined with Stein's 
method to sharpen a result of Kerov on the asymptotic normality of random 
character ratios of the symmetric group on transpositions. 

The main insight of the current paper is that when G is the symmetric 
group Sn and H is a parabolic subgroup, the bound of Theorem 11.11 can 
be improved by card shuffling. Let us describe this in detail for the case 
H = Sn-i- In Theorem II. H /5 = 1 — ^, and one can see using Stirling's 

approximation for n! that for r > bound in Theorem 1 is 

at most (27r)^/*^e~'^ (and hence small). Thus r slightly more than " 
suffices to make the bound small. The bound of Theorem II. II is proved by 
analyzing a certain Markov chain J on Irr{Sn), started at the trivial rep- 
resentation. The irreducible representations of 5„ correspond to partitions 
of n (the one row partition is the trivial representation), so J is a Markov 
chain on partitions. We show that the distribution on partitions given by 
taking r steps according to J has a completely different description. Namely 
starting from the identity permutation (viewed as n cards in order), perform 
the following procedure r times: remove the top card and insert it into a 
uniformly chosen random position. This gives a nonuniform random permu- 
tation, and there is a natural map called the Robinson-Schensted-Knuth or 
RSK correspondence (see for background), which associates a partition 
to a permutation. We will show that applying this correspondence to the 
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permutation obtained after r iterations of the top to random shuffle gives 
exactly the same distribution on partitions as that given by r iterations of 
the chain J started at the trivial representation. This will allow us to use 
facts about card shuffling to sharpen to " ^'^^"^ to roughly nlog{n), and even 
to see that the nlog{n) is sharp to within a factor of two. Precise statements 
and results for more general parabolic subgroups are given in Section |31 

To close the introduction we make some remarks. First, recall that a 
Markov chain M on a finite set X is called reversible with respect to the 
probability measure on X if jj,{x)M{x, y) = ^{y)M{y, x) for all x, y (it 
follows that ^ is stationary for M, i.e. that ^{y) = J2x f^i^)-^i^^y) 
y). The top to random shuffle and its cousins which arise in connection with 
parabolic subgroups are nonreversible chains. Thus it is rather miraculous 
that the top to random shuffle has real eigenvalues; this observation is the 
starting point of a general theory |BHR,j . And it is doubly surprising that 
the top to random shuffle should be connected with the reversible chains 
J. Second, the problem of studying the convergence rate of the RSK shape 
after iterated shuffles to the RSK shape of a random permutation is of sig- 
nificant interest independent of its application in this paper. It is closely 
connected with random matrix theory and in some cases with Toeplitz de- 
terminants. See |F2j . |F3j and the references therein for details. Third, 
since Solomon's descent algebra generalizes to finite Coxeter groups, it is 
likely that the results in this paper can be pushed through to that setting. 
(However that would require an analog of the RSK correspondence for finite 
Coxeter groups). 



This section proves Theorem 11.11 and gives an example. Throughout this 
section X = Irr{G) is the set of irreducible representations of a finite group 
G, endowed with Plancherel measure ttg- We also suppose that we are given 
a subgroup H of G. 

To begin, we use H to construct a Markov chain on G which is reversible 
with respect to vr^. For p an irreducible representation of G and r an 
irreducible representation of H, we let k{t, p) denote the multiplicity of r in 
Res^{p). By Frobenius reciprocity, this is the multiplicity of p in Ind'^^r). 

Proposition 2.1. The Markov chain J on irreducible representations of G 
which moves from p to a with probability 
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is in fact a Markov chain (the transition probabilities sum to 1), and is 
reversible with respect to the Plancherel measure ttg- 
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Proof. First let us check that the transition probabihties sum to 1. Indeed, 

E\H\ dim(a) -s—^ , \ , x 
<7Glrr{G) ' ' Telrr(H) 



\G\ dimip) 
= ,. \ X y] K(T,p)dim(T) 

= 1. 

The second equahty follows since the dimension of a representation induced 
from a subgroup is its original dimension multiplied by the index of the 
subgroup. 

The reversibility with respect to Plancherel measure is immediate from 
the definitions. □ 

Next we quickly review some facts from Markov chain theory. We consider 
the space of real valued functions ^^(vr) with the norm 

Il/ll2= • 

If J{x,y) is the transition rule for a Markov chain on X, the associated 
operator (also denoted by J) on ^^(tt) is given by J f{x) = Yly J{x-,y)f{v)- 
Let J'^{x,y) = Jxiu) denote the chance that the Markov chain started at x 
is at y after r steps. 

If the Markov chain with transition rule J{x, y) is reversible with respect 
to vr (i.e. Tr{x)J{x,y) = 7r(y)J(y,x) for all x,y), then the operator J is self 
adjoint with real eigenvalues 

-1 < Pmin = P\X\-1 < • • • < /3l < /30 = 1. 

Let ipi (i = 0, • • • , \X\ — 1) be an orthonormal basis of eigenfunctions such 
that Jjpi = Piipi and V'o = 1- Define /? = max{\Pmin\, Pi} ■ 

The total variation distance between two probability measures Qi,Q2 
on a set X is defined as \\Qi — Q2\\tv = \ Z^^iex IQi(^) ~ Q2{x)\. It is 
elementary that | |Qi — (^21 Itv = fnaxAizx\Qi{^) — Q2(^)|- Thus when the 
total variation distance is small, the Qi and Q2 probabilities of any event A 
are close. 

The following lemma is well-known; for a proof see |DSaj . 



Lemma 2.2. (1) 2|| - tt\\tv < Hv " ^Ib- 

(2) r{x,y) = Y,[=o~' f3lMx)MyMy)- 

(3) iif - iiii = E[=[-'prm-r < ^/^^^ 



CARD SHUFFLING 5 

Proposition 2.3. Let G he a finite group and H a subgroup of G. Then the 
eigenvalues and eigenf unctions of the operator J are indexed by conjugacy 
classes C of G. 

(1) The eigenvalue parameterized by C is ^—^y^- 

(2) The orthonormal basis of eigenf unctions ipc is defined by ipc{p) = 

ici^x;(c) 

dim{p) 

Proof. First, note that the transition probabihty in the definition of J can 
be rewritten as follows: 

\H\dim{cj) j^,G^^G, 



KX^Jnd^Resfjix') > 



\G\dim{p) 

V Y'(t-'qt) 
\G\d^m{p) \G\ ^/ \H\ ^ ^ 

dim{a) 1 — ^ \g'^ r\ H\ 



dim{p) \G\ \gO\ ■ 

The first equality used the well known formula for induced characters p. 

Now to see that V'c is an eigenfunction with the asserted eigenvalue, one 
calculates that 

a&Irr{G) ' ' ' geG ' ^ ' 

= dMp}2: \G\ 21 ^^''^9)x {C) 

g£G ' ' ' creIrr{G) 

dim{p) ^ \g'^\ \g'^\ 

|C|^x^(C)|Cn//| 



dim{p) \C\ 



Note that the second inequality used the orthogonality relations of the char- 
acters of G. 

Finally, the fact that -00 orthonormal follows from the orthogonality 
relations for irreducible characters. It is well known that i/'c are a basis. □ 

Next we prove Theorem 11.11 from the introduction. 



Proof. First note that the equivalence of the definitions of f3 follows from 
the general formula for induced characters. Now let 1 denote the trivial 
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representation of G. From Proposition \2.'A\ and part 2 of Lemma l2 .21 

' ' gdG ' 
= dim(p)(^r <x^(/ndg(l)r >, 

where in the third equahty we have used the well known formula for induced 
characters used in the proof of Proposition 12.31 The theorem now follows 
from part 1 of Proposition 12.31 and parts 1 and 3 of Lemma 12.21 □ 

Remarks: 

(1) The quantity /? has been well studied in the case that G is simple 



and H \s a. maximal subgroup of G. See for instance ISKj, |LShj and 
the references therein. We defer discussion of the case that G = Sn 
and H \s a. parabolic subgroup to Section 121 

(2) Observe that if /3 = 1 the upper bound of Theorem 11.11 is useless. 
And it can happen that (5 = 1. For instance if is a nontrivial 
normal subgroup of G, there are conjugacy classes of G contained in 
H. On the representation theory side, suppose for simplicity that H 
is normal of index 2. Then except in trivial cases, the state space of 
the Markov chain J isn't connected, so the the quantity bounded in 
Theorem II . II won't go to as r ^ oo. Indeed, either Ind^Res^{p) 
is 2 copies of p or else the sum of p and the conjugate representation 
of p (page 64 of ^FH\ ). 

(3) Observe that if /? = 0, then = 1 which implies that the decom- 
position of Indffj{\) is given exactly by Plancherel measure. Then 
the bound in Theorem II. II is an equality. 

To conclude this section we compute (3 in the case that G = GL(n, q) and 
H = GL{n — l,q) (which is not a maximal subgroup). There are clearly 
more examples in this direction which can be worked out using Wall's for- 
mulas for conjugacy class sizes |Wj -though as in Proposition 12.41 below some 

(minor) effort is required to determine when is largest for nontrivial 

g. However as we have no need for them we stop here. 

Proposition 2.4. Suppose that G = GL{n,q) and H = GL{n — 1,(?), and 
that n>2. Then (3 = g^'^i^/i/gn] for q > 2 and [3 = g-ij/Zi/^nj for q = 2. 

Proof. The conjugacy classes G of GL{n,q) are parameterized by all ways 
of associating a partition to each monic irreducible polynomial (j){z) with 
coefficients in Fg such that |Az| = and Yl<f>d'eg{4')\Xfp\ = n. Here |A| denotes 
the size of a partition A and deg{(p) denotes the degree of the polynomial (p. 
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Moreover the size of the conjugacy class with this data is (||Mj|, page 181) 
\GL{n,q)\ 

Here mj{X^) is the number of parts of A,^ of size j, and A'^ ^ is the number of 
parts of A^ of size at least j. In order that ^^i^^j^^ is nonzero, it is necessary 

that g has its conjugacy data satisfying 'mi{\z-i{g)) > 1. Then g'^ n H is 
a single conjugacy class of H, with conjugacy data the same as for g except 
that a part of size 1 is removed from the partition corresponding to the 
polynomial z — 1. Thus one sees that 

la^'r^H] ^ \GL{n-l,q)\ _ ^.m,(X^_,(g)).2X'.^_,^M-^ 
\gG\ \GL{n,q)\ 

Thus to find /?, it is necessary study the maximum of the function 

(l-l/g"^^W)g2^'i 

among partitions A of size at most n having at least 1 part equal to 1, but 
excluding the partition of size n which consists of n I's. Here mi (A) denotes 
the number of parts of A of size 1, and A'^^ denotes the number of parts of A. 
It is straightforward to see that if |A| < n, this function is maximized when 
|A| = n — 1 and A consists of n — 1 I's. For | A| = n it is straightforward that 
the function is maximized for the partition consisting of 1 part of size 2 and 
n — 2 parts of size 1. Comparing these two cases one sees that the maximum 
occurs for the first case. The first case occurs for q > 2 but can not occur for 
q = 2 (since z — 1 is the only polynomial of degree 1 with nonzero constant 
term), and for g = 2 it is straightforward to see that the second case is the 
maximum. □ 



3. Symmetric groups 

This section considers the Markov chain J in the case of the symmetric 
group and develops connections with card shuffling. We assume through- 
out that the reader is familiar with the Robinson-Schensted-Knuth (RSK) 
correspondence. See |Saj for background on this topic. 

Consider the symmetric group Sn- Let H = {ei — e2, • • • , e„_i — e„} be 
a set of simple roots for the root system consisting of the n(n — 1) vectors 
€i — Cj, where 1 < i ^ j < n. The positive roots are — ej where i < j and 
the negative roots are those with i > j. The descent set of a permutation g 
consists of the elements in H which g maps to negative roots. For L C H, 
let Xl denote the set of permutations whose descent set is disjoint from L. 
It is well known [H] that \Xl\ = where \Sl\ is the parabolic subgroup 
generated by the roots in L. Consequently if > satisfy YIlcuPl = 1) 

the element ^j^cn X^ defines a probability measure on the symmetric 
group. 
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Given an element '^g^Sn ^ad group algebra of the symmetric group, 

by the inverse element we mean X^geSn known that the RSK 

correspondence associates the same partition to g and to (7"^, so when dis- 
cussing the RSK correspondence one need not be concerned with whether we 
are considering an element in the group algebra or its inverse. The inverse 
of the element XIlctt ^^if^^ ^L can be thought of as a shuffle. For instance 
if pn-{ei-e2} ~ ^1 ^^i^ shuffle is simply the top to random shuffle. One 
reason these shuffles are important is a result of Solomon |Soj which states 
that xiXK = 'YuN'zn'^LKNXN for certain constants aiKN- Thus one can at 

least in principle compute powers (^/^cn ^^^n\^^ -^lY ^ which corresponds to 
understanding iterates of shuffles. 

Now the main theorem of this section can be stated. Recall that the 
irreducible representations of the symmetric group Sn are parameterized by 
partitions A of n. 

Theorem 3.1. For L C 11, let J[L] denote the Markov chain associated to 
the pair G = Sn and H = Sl, and let J[p\ = Y1lPlJ[^] denote the mixture 
of the Markov chains J[L]. Then J[p]i(A) (the chance that the mixed chain 
started at the trivial representation is at the representation parameterized 
by A after r steps) is equal to the chance that an element of the symmetric 
group distributed as (X^Lcn ^^j^f^^ has RSK shape A. 

Proof. From Proposition 12.31 the functions ipci^) are a common orthonor- 
mal basis of eigenfunctions for the chains J[L]. Hence they are an orthonor- 
mal basis of eigenfunctions for the mixed chain J\p\- This allows one to 
compute </[p]i(A) by the same method used in the proof of Theorem ll.H 
and one concludes that it is equal to 



> 

n! • - - 

L 

As explained in the preliminary remarks of Section 4 of |BBHTj . the 
coefficients ulkn are related to tensor products of representations: 

Ind^lil) X Indllil) = OLKNlndllil). 

ATcn 

Letting cn^^.p denote the coefficient of Xn in 

,>r^ Pl\Sl\ y .r 
Lcn 

it follows that J[p\\{\) is equal to 

dim{\) CN,r,p<X^,Ind1lil) > . 
Ncn 

Letting fi denote the type of (that is ^at is the direct product of symmetric 
groups whose sizes are the parts of the partition /j,), the multiplicity of A in 
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Indg"^{l) is by definition the Kostka-Foulkes number Kxfj, discussed in |Sa| . 
Thus J[p]i(A) is equal to 

dim (A) ^ Kx,f^ ^ c^^r,? 

M N:type{N)=/i 

where the sum is over all partitions /u of n. 

Next it is necessary to show this is equal to the chance that an element 
of the symmetric group distributed as (Elch ^^^l)' has RSK shape A. 
By the definition of cjv,r,p) we know that 

Lcn ■ NCU 

So it suffices to show that the number of summands of the element (or 
equivalently the inverse of X^v) which the RSK correspondence maps to A 
is dim{X)Kx^type{N)- But writing Sjy = Sa^ x • • • x Sa^ the summands 
of the inverse of xat correspond (in an RSK shape preserving way) to words 
on the letters {I,-- - ,r} in which the letter / appears ai times. But such 
words with RSK shape A correspond to pairs (P, Q) of Young tableau with 
Q standard of shape A and P semistandard of shape A and content type{N). 
Since the number of these is dim{X)Kx^type{N)^ the theorem is proved. □ 

Corollary 13.21 is an important consequence of Theorem 13.11 

Corollary 3.2. Let tv{r,p) denote the total variation distance between the 
probability measure (Xlicn ^^J^f^^ Xx,)'" on the symmetric group and the uni- 
form distribution on the symmetric group. Let n be the Plancherel measure 
of Sn ■ Then 

\ Y |dzm(A)<x\(5]^^/n42(l)r >-vr(A)|<Mr,R). 
Proof. From the proof of Theorem 11.11 we know that 

i Y: ici.m(A)<x\(En§^^"42(i)r>-Ai 

is equal to the total variation distance between the measure J\p\i and the 
Plancherel measure of the symmetric group. Theorem 13.11 gives that this 
is equal to the total variation distance between the RSK pushforward of 
the measure 

(ELcn^^^i)'' and the Plancherel measure. Since the 
Plancherel measure is the RSK pushforward of the uniform distribution on 
the symmetric group, the corollary follows. □ 

The significance of Corollary 13.21 is that it allows one to apply work on 
convergence rates of shuffles to the study of tensor products. We now give 
some examples which show that the bound of Corollary 13.21 can be much 
sharper than that of Theorem ll.il 
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Example 1: The defining representation 

The first example is when pL = ^ for L = U — {ei — £2}- Then G = Sn 
and H = Sn-i- The representation theory problem in this case is the study 
of decompositions of the rth tensor power of the defining (n-dimensional) 
representation, and the card shuffling problem is the r fold iteration of the 
top to random shuffle. 

Consider the bound of Theorem ll.il Clearly (3 = 1 — ^. It follows that 

E 1^ < X\ {Ind%{l)Y > -vr(A)| < V^.{1 - ^y. 
^-^ TV n 

X&Irr{Sn) 



Using Stirling's approximation for n! Fe , one sees that for r > 



nlog{n)+2c 



this is at most (27r)^/^e For c fixed and large n, '^^2iog{^)'^ roughly 

n^log(n) 

The bound from Corollarv l3.2l is much sharper. Indeed, it is known ( jADj ) 
that for r = nlog{n) + cn, the total variation distance between r iterations 
of the top to random shuffle and the uniform distribution is at most e~'^, for 
c > 0,n > 2. 

Next let us consider lower bounds for 

>.&Irr{Sn) 

By Theorem 13.11 this is equal to the total variation distance between the 
RSK pushforward of r iterations of the top to random shuffle and the 
Plancherel measure. A result of Chapter 5 of [U] is that for large n at 
least ^nlog{n) iterations of the top to random shuffle are needed to ran- 
domize the length of the longest increasing subsequence (actually he states 
the result for the random to top shuffle, but this is the inverse of top to 
random). Since the longest increasing subsequence is a function of the RSK 
shape, it follows that 

1 ^ |^<^A^ (1.4(1))^ >_.(A)| 

\eIrr{S„) 

requires r at least ^nlog{n) to be small. Thus the upper bound on r in the 
previous paragraph is sharp to within a factor of two. 

The next two examples generalize example 1, but in different directions. 

Example 2: Sn-k C 5„ 

This example is the case that L = 11 — {ei — £2, • • • , Cfc — efc+i} where 
k < n — 1. The representation theory problem is to study the decomposition 
of the rth tensor power of Indg" (1), and the relevant card shuffling is the 
top k to random shuffle, which proceeds by removing the top k cards from 
the deck and sequentially inserting them into random positions. 
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First consider the bound of Theorem 11.11 Using the fact that two ele- 
ments in a symmetric group are conjugate if and only if they have the same 
structure, and that a conjugacy class with rij cycles of length i for all i has 
size 1 r j ^ I , one finds that P = ^" ^)i"Lit ■ By the same argument as 
example 1, it follows that 

Ae/rr(S„) ^ ^ " 

1 , nloq{ri)+2c n. ^ i 11 nloq{n)+2c ■ 1 , n^lon(n) 

when r > ^, , i , . lor nxed c, fe and large n, ^f^ , i , is roughly — .1^ . 

2log{j) ' ^ 2log{j) ^ 

The convergence rate of the card shuffling problem was studied in |DFiPj . 
where it was shown that for k fixed and large n, the total variation distance 
is at most e~'^ for r = ^{log{n) + c). Thus the bound from Corollarv 13. 21 is 
much sharper. The argument for the lower bound also generalizes, showing 
that r must be at least j^nlog{n) for 

to be small. 

Example 3: Action on k-sets 

The next example is the case that pi = 1 where L = 11 — {e^ — e^+i}, and 
1 < A; < n/2. Then G = Sn and H = St^ Sn^k- The representation theory 
problem in this case is the study of decompositions of the rth tensor power 
of the permutation representation on /c-sets, and the card shuffling problem 
is the r fold iteration of the shuffle which proceeds by cutting off exactly 
k cards, and then riffling them with the other n — k cards (i.e. choosing a 
random interleaving). 

First consider the bound of Theorem ll.il The value of (3 is calculated in 
|GMj for n > 5 and shown to occur for the conjugacy class of transpositions, 

where it is /„n ■ For k fixed and large n, log{h) is roughly so 

2 /3 " 

that r slightly more than " will make 



E 



4fc 

^ <x",(/n(i^(l)r >-vr(A)| 



X&Irr{Sn) ^fe^ 

small. 

Now consider the bound from Corollarv 13.21 To apply it we require an 
upper bound on the total variation distance between the uniform distribu- 
tion and r iterations of the shuffle which cuts off exactly k cards and riffles 
them with the rest of the deck. This shuffle is a special case of the Bidigare- 
H anion- Rockmore walks on chambers of hyperplane arrangements, and a 
convenient upper bound for total variation distance is in |BDj (this bound 
is somewhat weaker than the bound in |BHR,j but is easier to apply). In 
the case at hand one can check that the total variation bound becomes 
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from Theorem ll.il One concludes that r slightly more than makes 

1 ^ |^^<;,A^ (7.4(1))'^ >_..(A)| 
Ae/rr(5„) ^fc'' 

small. Moreover, the argument for the lower bound in the other examples 
generalizes, showing that r must be at least — ^r-^- 

We remark that the fact that non-reversible Markov chains such as top to 
random are related to the reversible Markov chain J by means of Theorem 
13.11 is quite mysterious. As a further result in this direction, we show that 
the Markov chains J[p\ and X^Lcn ^^^f^^ ^L are isospectral. See |F4) for 
some other connections between the top to random shuffle and nonreversible 
Markov chains. 

Proposition 3.3. The Markov chain J[p\ and the element X]/,cn ^^j^f^^ ^L 
have the same set of eigenvalues. 

Proof. Since the chains J[L\ have a common basis of eigenvectors, the eigen- 
values of J[p] are linear functions in the p's. Similarly |BHRj finds a formula 

for the eigenvalues of the element X^Lcn ^^J^f^^ and shows that they are 
linear in the p's. Hence it is enough to prove the result when = 1 for 
some L. 

From Corollary 2.2 of |BHKj . the eigenvalues of the element ^-^^^Xl are 
indexed by permutations g e Sn- Let // be such that the orbits of Sl on 
{1, • • • , n} are {1 • • • /xi}, {/xi -|- 1 • • • ^ui -|- ;U2}, etc.; hence is a composition 
of n. A block ordered partition of the set {1, • • • ,n} is by definition a set 
partition with an ordering on the blocks of the partition. We say that a 
block ordered partition has type // if the first block has size /ii, the second 
block has size ^2 and so on. The result of BHR is that the eigenvalue 
corresponding to g is the proportion of block ordered partitions of type /x 
which are fixed by g in the sense that each block is sent to itself. This is 
equivalent to requiring that each block is a union of cycles of g. Letting 
denote the number of i-cycles of g, it follows that this proportion is 



/Ui!/U2!--- T-r / n. 



n 



-I lilJl)J2) 

^ (fc) i>l '^i ' 



ia\ ' —fij^ all k 

On the other hand, by Proposition 12. 31 we know that the eigenvalues 
of J are parameterized by conjugacy classes C of Sn- Let Ui denote the 
number of cycles of length i for elements in the class C. Using the fact that 
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\C\ = rr "'■ — 11 it follows that 



\CnSL\ _Uii'''riil ^ /ifc! 



\C\ n! ^ ii n n(^)r 



This is equal to the expression of the previous paragraph, so the proof is 
complete. □ 
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